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Resonance Prediction for Closed and Open Wind Tunnel
by the Finite-Element Method

In Lee*
Stanford University, Stanford, California

A finite-element approach is developed for predicting the so-called "resonant" frequencies of subsonic wind tunnels
with variously shaped cross sections. The resulting computer code has been applied to various wind tunnels. For
example, the resonant frequencies for both the NASA Ames Research Center 6 ft x 6 ft wind tunnel (rectangular
cross section) and the NASA Langley Research Center 16 ft x 16 ft transonic dynamics tunnel (octagonal cross
section) have been calculated. The resonant frequencies of a wind tunnel with one slot are much smaller than those
of a wind tunnel with many slots at the same open ratio. The results are believed to be more accurate than theoretical
values used in the past for an equivalent rectangular cross section.
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Nomenclature
speed of sound of fluid medium
effective speed of sound of fluid medium defined
inEq. (16)
work function on boundary
complementary work function on boundary
matrix defined in Eq. (38)
width of slot
slot open area ratio
variational functional for complementary system
height of tunnel

y, z =

stiffness matrix for whole system
element stiffness matrix
Lagrangian function
freestream Mach number
element mass matrix
mass matrix for whole system
row matrix of shape function
perturbation pressure
column vector of nodal pressure values
boundary surface
kinetic energy
complementary kinetic energy
time
freestream velocity
potential energy
complementary potential energy
volume
rectangular coordinates
wave number
nondimensional resonant frequency

£ = acoustic displacement
p = density in undisturbed stream
eft = perturbation velocity potential in test section
CD = angular frequency
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I. Introduction

THERE is considerable interest in the use of wind tunnels
for dynamic experiments such as flutter test and unsteady

wing and control surface airload measurements. The results of
these tests will be affected by the so-called "resonance" prob-
lem when the model frequency is near a wind-tunnel resonant
frequency. The results under such a coincidence in frequencies
could be in considerable error, relative to free flight in the
flutter testing of an aeroelastic model and other unsteady
testing.1-2

Tunnel resonance is defined as an acoustic phenomenon that
occurs when a disturbance from the oscillating wing is reflected
from the tunnel wall back to the wing with such a phase rela-
tionship that it reinforces succeeding disturbances.4 This be-
havior was predicted theoretically by several investigators.3"7

The analysis of Refs. 3-5 refers to two-dimensional wings in
closed tunnels and employs the method of images to satisfy the
tunnel wall boundary conditions. Acum studied this problem
by a simplified approach.6 Other prior investigators have ob-
tained the resonant frequencies for a two-dimensional tunnel
or a tunnel with a rectangular cross section. However, it is
difficult to predict analytically the frequencies for an arbitrarily
shaped cross section. In such an instance, the finite-element
method is a powerful alternative.

II. Governing Equation and Boundary Condition
If we consider a rectangular coordinate system defined as

shown in Fig. 1, then for small disturbances the perturbation
velocity potential satisfies the following equation:

(1 - A/2)0« + <frxx + <j>yy - (2M2IU)<t>2t - (M2/U2)(t>tl = 0 ( 1 )

Many wind tunnels have a number of slots running parallel to
the axis of the tunnel to reduce the model blockage effect.
Transonic slots on the wind tunnel wall are shown schemati-
cally in Fig. 1.

It is well known3 that the boundary condition at a solid wall
is d<t>/dn = 0. The pressure outside the wall is assumed equal to
the freestream pressure. The perturbation pressure at a slot is
assumed to be very small, and the boundary condition at a slot
is assumed to be equivalent to </> = 0. Many investigators use
the foregoing boundary condition (</> = 0) at a slot in accor-
dance with the usual practice in tunnel-interference theory.6 9

At the edge of the slot, the boundary condition changes from
d(j)/dn = 0 to $ = 0. Also, it should be noted that the boundary
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condition (<j) = 0 at a slot) is very much idealized, and it would
be desirable to simulate the free boundary condition more ac-
curately. The flow in the absence of a model is given by 4> = 0
everywhere. However, it is necessary to obtain nonzero oscilla-
tory solutions of Eq. (1) satisfying the same boundary condi-
tions in order to solve the resonance problem.

We assume disturbances of the form

where O is any function of x and y, and a is a streamwise wave
number. Substituting Eq. (2) into Eq. (1), we get

When

~co2M2

-(l-M2)a2 <D = 0 (3)xx ' yy ' |_ u2 u
The boundary condition on the solid wall is given as

(4)

where n is the outward normal to the boundary, and on the
open wall it is given as

<D = (5)

The following procedure to derive the resonance condition is
repeated from Ref. 6 for an easy understanding of resonance
phenomena. Equation (3) can be written as

Equation (6) with the boundary conditions (4) and (5) has
a nontrivial solution if A has one of the eigenvalues An
(n = 1,2,...)

A2 = (cD2M/U2) + (2M2coa/f7) - (1 - M2)a2 (7)

Rearranging this equation, we get

£2a2 - (2M2co/U)x - [(CD2M2/U2) - A2] = 0 (8)

Then

£2a = (M2a)/U) ± [(M2(D2/U2) - £2A2]1/2 (9)

When

(Ma)/U)>pAn (10)

a has real values, and Eq. (2) represents a traveling wave of
constant amplitude.

(U)

then a has two conjugate complex values, and Eq. (2) is no
longer a traveling wave of constant amplitude.

For each eigenvalue Aw, the smallest value of co for which a
disturbance of Eq. (2) can have bounded amplitude is given by

CO=CQr=(P/M)U\n (12)

For the preceding condition, we get the following relation from
Eq. (9):

a = M2aj/Up2 (13)

Substituting Eq. (13) into (3), we can obtain the following
equation:

®xx + ®yy + (^AWO2^ = 0 (14)

When Eq. (2) is substituted, Eq. (14) is equivalent to the fol-
lowing equation:

(15)

This is the wave equation with the effective speed of sound

(16)

The effective speed of sound is illustrated in Fig. 2. Perturba-
tion pressure is computed from the following relation, consis-
tent with Eq. (1):

30

From Eq. (2), pressure is given by

p = —ip(co

(17)

(18)

Using Eq. (18), we can then derive the following equation from
Eq. (15):

pxx+pyy + (o)/ae)2p=0 (19)

This is the two-dimensional Helmholtz equation with the effec-
tive speed of sound ae. Therefore, we can consider our problem
as a two-dimensional acoustic system in which the speed of
sound is ae. This equation will be used to obtain the resonant
frequencies in a later section.

On the rigid boundary, it follows from Eqs. (4) and (18)

where n is again the outward normal to the boundary.

(20)

ae = o0>/l - M2

U

Fig. 1 Rectangular tunnel with slotted roof and floor. Fig. 2 Effective speed of sound.
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III. Variational Principle for Wind Tunnel System
The calculus of variations is a reliable guide both for formu-

lating and solving differential equations of mathematical
physics.10 Variational principles have been used in various
fields, such as dynamics, structures, and continuum mechanics.
Recently they were applied to acoustic problems and to the
interaction between acoustics and structures,11"22 Gladwell23'24

gives the energy and complementary energy formulations of
acoustic and structural vibration systems. In treating dynamics
problems, Hamilton's principle is one of the most useful and
important variational statements.

Hamilton's principle considers the entire motion of the sys-
tem between two instants t0 and ti9 and it is therefore an inte-
gral principle. The problems of dynamics are reduced to the
investigation of a scalar integral. Hamilton's principle reads

(21)

This principle states that, between two instants of time t0 and
*!, the motion is such that the integral of the Lagrangian func-
tion is stationary for the actual motion when compared with all
other possible motions taking on the prescribed actual values
at tQ and t{.

The function B is a linear function of the displacements if the
external pressures are independent of the displacement. If the
external pressures depend on the time history of the displace-
ment, we should use the following variational form:

fJ'o
S(U-T-B)dt=0 (22)

If the external pressure does not depend on the time history
of the displacement, this equation becomes Eq. (21) and the
Lagrangian function L can be written as

L= U-T-B1 r
= ~2>

1 r /r}F\2
-- P\ir,)dv-2> \dtJ (23)

Here, ae is used instead of a0 because our wind-tunnel system
can be considered to have this effective speed of sound.

We will follow Glad well's procedure23 to obtain the varia-
tional functional for the wind tunnel resonance problem. If we
are interested primarily in harmonic vibration problems in
which all displacements, forces, pressures, etc., have time-de-
pendence ei(0t, such problems may be formulated entirely in
terms of the time-independent amplitudes. For such problems,
Hamilton's principle may be replaced by a simpler time-inde-
pendent principle.23

Suppose that the boundary surface S is divided into two
parts Sv and S2 with the following boundary conditions: dis-
placement £ is specified on Si and pressure p is specified on S2.
For the wind-tunnel system, which is in harmonic motion, the
constitutive equation is

(24)

(25)

(26)

(27)

The dynamic equilibrium equation is

Then, the principle of stationary energy reads

where

= U-T-B

Here, the variational displacements are arbitrary only on the
surface S2 where pressures are specified.

A. Principle of Stationary Complementary Energy
Since structural vibration problems are usually formulated

in terms of displacements, whereas acoustic vibration problems
involve the pressure (a forcelike quantity), it is necessary to
recast the functional in terms of the pressure for Eq. (27).
Alternatively, we can formulate a complementary variational
principle for the acoustic pressure by considering the comple-
mentary virtual work. We assume that the medium is in the
linear elastic range. Therefore, the complementary potential
energy, kinetic energy, and work done on the boundary are
equal to those given in Eq. (27).

The time-independent complementary principle can be for-
mulated by substituting Eqs. (24) and (25) into Eq. (27). Then,
the time-independent functional is

F=UC-TC-BC

1
f p2 dv - -*—2 f (Vp)2 dv + f X»
]y 2pC02JK JS}

(28)

where £„ is the amplitude of the specified displacement. Here,
the complementary potential energy Uc and kinetic energy Tc
are expressed in terms of pressure, and Bc is such that its vari-
ation gives the work done by the virtual pressure over the
boundary. The variational pressures are arbitrary only on the
surface Si where displacements are specified.

One sees that the principle of stationary complementary en-
ergy23 involves forcelike quantities. This principle states that of
all pressures satisfying the specified boundary conditions, that
which satisfies the constitutive and equilibrium equations and
the remaining kinematic boundary conditions is determined by
the variational equation

6F = 0 (29)

We will use the principle of stationary complementary energy
to solve the wind-tunnel resonance problem for arbitrary
boundaries.

B. Variational Functional for Closed and Open Wind Tunnels
The equation for an acoustic system without any energy

dissipation at the boundaries is obtained from the variation of
Eq. (28). When there is no work done on the boundary, the
appropriate functional for a closed and open wind tunnel can
be written as

1
2pa2

e

f i r^d,--4
Jy 2pCOZ J

(Vp)2dv (30)

Here, ae is again the effective speed of sound as given in Eq.
(16). Setting the first variation of this functional F to zero leads
to the Helmholtz equation

and the boundary condition on the solid wall is

(31)

(32)

where n is the outward normal to the surface. These are the
correct governing equations and boundary condition. Hence,
we will use the functional in Eq. (30) as the starting point for
the finite-element solution.
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IV. Finite-Element Formulation
Within each element vh we can approximate the pressure

distribution by the row matrix [_N]t of shape functions

(33)

Here, {/?}, is a column vector of nodal pressure values for this
/th element.

For each element, the potential energy of the subvolume vt
can be written as

where the stiffness matrix [k], is

(35)

The kinetic energy of the subvolume vt can be written as

1

where the mass matrix [m\t is

(ml =

where

(36)

(37)

_
fa
_d_

Ty
d_

~dz

(38)

Therefore, for each element, we can get the functional Ft
from Eq. (30)

1
2pa> : («2{/>}/M{/>}, - (39)

The first variation of Eq. (39) gives the following eigenvalue
problem for subvolume vt:

If we assemble the subelements in the standard fashion for
finite-element formulations, we get the eigenvalue problem for
the complete volume V

(41)

where [M] is the mass matrix for the complete system and [K]
is the stiffness matrix for the complete system.

For this analysis, isoparametric finite-element matrices are
used. In most practical analyses, the use of an isoparametric
finite element is more effective.25 Two-dimensional four-node
elements are used to calculate element mass and stiffness ma-
trices. Two-dimensional elements only are needed to solve the
wind-tunnel resonance problem because, in general, the wind-
tunnel cross section can be assumed to be two-dimensional.

V. Results and Discussion
A. Convergence of Two-Dimensional Isoparametric Elements

The requirements for monotonic convergence of the finite-
element analysis are compatibility and completeness. The

14

12

10

tti

16 32 48 64

NUMBER OF ELEMENTS (n)

80

Fig. 3 Convergence rate of finite-element results for rectangular cross
section.

isoparametric element formulation with the appropriate inter-
polation functions satisfies these convergence criteria.25

In this section, to examine the convergence rate, the resonant
frequency for a rectangular tunnel was obtained by the finite-
element method when the slots are closed. This case has an
exact solution for comparison. The more elements that are
used, the better the finite-element results will approach that
exact solution.

Let us define the nondimensional resonant frequency ocf as

coH

The exact value of atf is n for the fundamental acoustic mode.
This value is given by Acum.6 For the slot-closed case, the
convergence rate of finite-element results for the fundamental
frequency is illustrated in Fig. 3. If we choose n = 40, then the
estimate will be approximately 1% higher than the exact value.

B. Wind Tunnel with Rectangular Cross Section
Many wind tunnels have slots on the wall of the test section

to reduce the blockage effect of the model inserted in the sec-
tion. It was found many years ago that the resonant frequency
is affected by the ratio of open to closed area.6-26 In this section,
we will discuss the results of the resonant frequency calcula-
tions for a rectangular tunnel with slots on the wall.

Rectangular Tunnel with One Slot
Let us first consider the rectangular tunnel with one slot in

each floor, as shown in Fig. 4. The slot width is d. The tunnel
height is H. We define the open area ratio e as

e=d/H
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OPEN BOUNDARY(SLOT) OPEN BOUNDARY(SLOT)

Fig. 4 Rectangular cross section with one slot each on roof and floor.
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Fig. 5 First three resonant frequencies for rectangular cross section
with one slot each on roof and floor.

For a slotted tunnel, the resonant frequency can be obtained by
applying the boundary condition at the slotted portion of the
wall (p = 0). The finite-element results are given in Fig. 5. They
are obtained using both 25 and 64 elements. The convergence
rate is very fast. The solid curve is taken from Davis and
Moore's result,26 which was obtained by assuming an averaged
homogeneous boundary condition. As the open area increases,
the resonant frequency increases. The first frequency col corre-
sponds to the symmetrical mode shape with respect to the
vertical and horizontal centerline. If the wind-tunnel model is
installed horizontally in the centerline of the wind tunnel, this
mode shape will not couple with model oscillation. The second
frequency co2 corresponds to the mode shape that has as a node
line the vertical centerline of the wind-tunnel cross section. This

Fig. 6 Rectangular cross section with three slots each on roof and floor.

mode shape is the horizontal vibrational mode. Therefore, if
the wing is installed horizontally, this mode shape is not impor-
tant. The third frequency co3 corresponds to the mode shape
whose node line is the horizontal centerline. Therefore, this
frequency is important when the wind-tunnel model is horizon-
tally installed because of a very strong coupling. This horizon-
tal installation is the common arrangement for aeroelastic
model testing.
Rectangular Tunnel with Three Slots

Many wind tunnels have several slots in the top and bottom
boundaries. Several slots will be more effective in reducing the
distortion of streamlines in the test section. Let us consider a
three-slotted wind tunnel, as shown in Fig. 6. In this case, the
open area ratio e is 3d/H. The finite-element results are given in
Fig. 7. The first frequency (D{ corresponds to the symmetrical
mode shape with respect to the vertical and horizontal center-
lines. The second frequency a)2 corresponds to the horizontal
vibration mode. The third frequency co3 again has as its node
the horizontal centerline. The solid curves were obtained by the
substitution of an equivalent homogeneous boundary for the
discrete slots,26 as explained in the previous section. For 81
elements, o>3 is approximately 2% higher than that obtained by
Davis and Moore.26 The resonant frequencies of a wind tunnel
with three slots (Fig. 7) are much smaller than those with one
slot (Fig. 5) at the same open area ratio. For a slotted wind
tunnel, more elements are required than in the closed tunnel
case for a given level of accuracy. If we consider the slot thick-
ness in the finite-element formulation, the smaller elements will
obviously give relatively accurate results. NASA Ames
6 ft x 6 ft tunnel is a rectangular tunnel with five slots. The
resonant frequencies of this tunnel will be very close to the
frequencies of the tunnel with three slots.

C. Wind Tunnel with Octagonal Cross Section
NASA Langley Research Center operates the 16ft x 16ft

transonic dynamics tunnel. Its cross-sectional shape is octago-
nal. For this kind of tunnel, the analytical approach does not
calculate the resonant frequency accurately. In this case, the
finite-element method is a useful method. The octagonal
cross-section shape can be modeled by using quadrilateral fi-
nite elements, and this is shown in Fig. 8.

The Boeing supersonic transport (SST) model was tested at
NASA Langley to investigate the effect of the wind-tunnel res-
onance on the flutter, and the experimental results are given by
Ruhlin, Destuynder, and Gregory.27 The NASA Langley tran-
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Fig. 7 First three resonant frequencies for rectangular cross section
with three slots each on roof and floor.

sonic dynamics tunnel has a fixed porosity value of 4.2%, and
the sidewall also has about the same porosity. During this test,
the sidewall slots were closed and both top and bottom slots
were open. Freon gas was used as the fluid medium, in which
the speed of sound is 498.7 ft/s. The finite-element results for
the resonant frequencies and the model flutter results are given
in Fig. 9. When the slots are closed, the tunnel resonant fre-
quencies are close to the model flutter frequencies in the Mach
number range from 0.6 to 0.75. Thus, it was concluded that the
proximity of the tunnel resonant frequency to the flutter fre-
quency near M = 0.6 to 0.75 was the likely cause for the lower
flutter speeds with the slots' closed condition.27 This feature is
also shown in Fig. 10. A solid curve represents the analytical
free-air analysis for the flutter.27 Triangular symbols corre-
spond to the flutter test results for the slot-closed condition and
circles to the slot-open condition.

D. Mode Shapes
The eigenvectors are obtained for both the rectangular and

the octagonal cross-section wind tunnel to investigate the mode
shapes.

Fig. 8 Octagonal cross section of NASA Langley 16 ft x 16 ft tran-
sonic dynamics tunnel.
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Fig. 9 Resonant frequency and experimental flutter results for SST
wing model in NASA Langley 16 ft x 16 ft transonic dynamics tunnel.

Rectangular Tunnel
The mode shapes for a rectangular cross-section wind tunnel

with closed slots are given in Fig. 11. The first frequency is
zero, and all the eigenvectors have the same values. Therefore,
there is no relative motion in the x-y plane. The second and
third resonant frequencies are the same. For the second reso-
nant frequency, the node line is vertical. Therefore, this mode
corresponds to the horizontal vibration mode. For the third
resonant frequency, the node line is horizontal and this mode
corresponds to the vertical vibration mode. Hence, for the
common case of a model installed horizontally, the third reso-
nant frequency is important. It should be noted that dp/dn at
the solid wall is zero. To investigate the eigenvectors for this
rectangular tunnel, 54 elements were used in this case.

Octagonal Tunnel
Figure 12 shows the mode shapes of the NASA Langley

1 6 f t x 16ft transonic dynamics tunnel when the slots are
closed. For this analysis, 72 elements were used. The mode
shapes are similar to those of the rectangular tunnel, but in this
case the pressure variations along each horizontal line parallel
to the x axis have slightly different values due to the corner
effect. The maximum variation of pressure is in the x axis
(section 1 in Fig. 12a). The second frequency corresponds to
that of the horizontal vibration mode. The third frequency
corresponds to the vertical vibration mode for which the nodal
line is the horizontal centerline. The mode shapes are the same
as the horizontal vibration mode shapes.
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Fig. 10 Experimental and analytical flutter results for SST wing model
in NASA Langley 16 ft x 16 ft transonic dynamics tunnel.27

a) Horizontal vibration mode, CD = co2

b) Vertical vibration mode, « = wa
Fig. 11 Mode shapes of rectangular cross section with closed slot.

Summary
A finite-element approach to obtain the resonant frequency

of the wind tunnel with an arbitrarily shaped cross section was
developed that gave very accurate results. The convergence rate
of finite-element results was given for a slot-closed case. With
50 finite elements, the error for a rectangular wind tunnel is
within 1% of the exact value. The resonant frequencies of
rectangular wind tunnels were obtained. The resonant frequen-
cies of a wind tunnel with one slot are much smaller than those
of a tunnel with three slots. Also, the frequencies for an octag-
onal cross section were obtained.
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a) Horizontal vibration mode, w = c
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b) Vertical vibration mode, w = co3

Fig. 12 Mode shapes of NASA Langley transonic dynamics tunnel with
closed slot.
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